By means of a spin-magnitude variation parameter, equations are derived for spin-pair correlation functions in classical lattice theories. Specifically, the case of two spin states present in equal average numbers is considered, but with arbitrary scalar interaction between pairs of spin sites. It is pointed out that in this case the spin-triplet correlation functions which occur in the theory, as well as all higher odd-order correlation functions, may 'be reduced exactly to linear combinations of lower-order correlation functions. The nature of spin-quadruplet correlations, which are also required in this method for rigorous determination of the pair functions, unfortunately have no corresponding reduction, but their character is discussed qualitatively. The approximate theory resulting from use of a simple closure relation for quadruplets is examined, with particular attention to the position of the critical temperature for ferromagnetic coupling of varying range. It is remarked, on the basis of the approximate theory, that spin-pair correlations at large distance tend to become independent of direction (relative to the fundamental axes of the lattice) as the critical temperature is approached, when the interaction satisfies a certain second-moment isotropy condition.
By means of a spin-magnitude variation parameter, equations are derived for spin-pair correlation functions in classical lattice theories. Specifically, the case of two spin states present in equal average numbers is considered, but with arbitrary scalar interaction between pairs of spin sites. It is pointed out that in this case the spin-triplet correlation functions which occur in the theory, as well as all higher odd-order correlation functions, may 'be reduced exactly to linear combinations of lower-order correlation functions. The nature of spin-quadruplet correlations, which are also required in this method for rigorous determination of the pair functions, unfortunately have no corresponding reduction, but their character is discussed qualitatively. The approximate theory resulting from use of a simple closure relation for quadruplets is examined, with particular attention to the position of the critical temperature for ferromagnetic coupling of varying range. It is remarked, on the basis of the approximate theory, that spin-pair correlations at large distance tend to become independent of direction (relative to the fundamental axes of the lattice) as the critical temperature is approached, when the interaction satisfies a certain second-moment isotropy condition.
An alternative, and apparently more accurate, closure relation for determination of spin-quadruplet correlation functions is proposed with a view toward possible application to modern computing techniques.
known techniques applicable to the nearest-neighbor models are not discussed below at any length, in view of the available standard reviews on the subject. ' Section II de6nes the spin correlation functions, and states their elementary properties. For the purposes of later development, the spin-magnitude coupling parameter is introduced ab imlio. Section III is devoted to derivation of a fundamental relation satis6ed by pair correlation functions, and it is shown how the spintriplet correlation functions arising in the course of this derivation may exactly be eliminated in favor of pair ERHAPS the most central quantity in classical order-disorder problems is the distribution of pairs of spins (or "particles" in lattice gas terminology) separated by a given distance in the lattice of interest. Not only does this pair distribution lead to the mean energy of the system (by multiplying by the site-site interaction, and summing over all pairs of positions in the lattice) and subsequently to the other thermodynamic properties, but its Fourier transform yields the response of the system to small, externally applied, periodic force fields. Likewise, one may obtain as well from this pair distribution the scattering character of the lattice for incident radiation.
There have been previous proposals' ' for determination of spin-pair distribution functions. These techniques tended, however, to rely upon Bethe's' ' notions of average local 6elds acting on clusters of one or more sites, these fields being independent of the state of the chosen set of sites. As a result, the local configurational free energy changes associated with change in state of the chosen small set of spins are unfortunately oversimpli6ed, in the sense that one disregards the rather complicated back reaction of the surrounding set of spins on the chosen small cluster, due to the fact that they are "polarized" by the state of this cluster.
In the following, we have attempted to provide an alternative discussion of spin-pair correlation functions based upon a systematic development of classical orderdisorder theory (where each lattice site has two possible states with equal a priori probability), from the fundamentals of Gibbsian (13), and then the last of Eqs. (15) It should be emphasized that this reduction Eq. (18) depends in no way on the fact that site 1 is partially coupled, for a similar expression involving exclusively p p&" (ij~X) functions would apply to three sites not including 1. It is also noteworthy that Eq. (18) is rigorously true for lattices of arbitrary dimensionality; it is also valid for any interaction &&(r), and thus is not restricted to Ising models. The fact that tripletcorrelation functions may be eliminated in favor of pair functions is a result of symmetry inherent in the zerofield model under consideration. In the case of a nonvanishing external field, however, reduction (18) is no longer valid, and apparently has no obvious generalization.
Equation (18) may now be used to simplify Eq. (11): If both members of the pair i j are su@ciently far removed from the partially coupled site, though, they will be completely unaffected by the existence of this "weakened" site, and as a consequence, one has the identity &p(r, , r;~X)=&p(r.. . X=1), (ri, and r~, large) , (20) i&&(z) = J/kT, x=1-; =0,
Equation (19) a factor tanh(J/kT) for each interval between two fully coupled sites, and a factor tanh(XJ/kT) for intervals one end point of which is a partially coupled site. Hence, for two sites an integer distance x apart, where one of these sites is the partially coupled one: Attention now may be turned to the indirect e8ect of a nearby partially coupled site on the correlation between spins on a chosen pair of sites, both fully coupled. The neighboring partially coupled site will still be identihed as that numbered 1, and the chosen sites in its vicinity for which we seek the pair correlation may for convenience be identified as 2 and 3. We have ps,
. (25) One proceeds to compute the X derivative of g (23~X) from Eq. (2$) with P,y =+ which, after some simplifications analogous to those yielding Eq. (19), may be put into the form: Since Eq. (18) It is convenient to define a new function:
Then Eqs. (19) and (28) In Appendix A it is shown that the solution to Eqs. (30) for P(12,)), subject to condition (12), is (0(12))0). 
h ( 
then the higher the value of (3S)
The considerations of the preceding section were directed toward computation of pair distribution above T,. We now turn attention to the case T&T. , specifically for ferromagnetic ordering. Figure 1 shows On the other hand, if this site is examined only when it possesses a + spin, the chances are greater that the site is immersed at that moment in a predominately + domain. We shall denote by x(T,X) the probability that a + spin, coupled to extent X, is found in a predominately + domain; likewise then, x(T,X) also equals the fraction of time a given partially coupled -spin spends in predominately -domains. One has
where equality is attained for X=o, or when T=T,. infinite, the mean domain size becomes infinite as well, so that if one site of a given pair separated by a fixed distance is located, say, in a + rich domain, the other will be found in the same domain, except for a, small probability which vanishes as system size becomes infinite.
Ke may now examine in the light of these observa, -tions the nature of (ferromagnetic) spin-distribution functions below T.. It will be assumed tha, t the infinitesystem size limit has already been taken, so that the chance of a given set of positions spanning a domain boundary is negligible. Let the set of sites be as before denoted by 1 m. The a priori probability that these sites are instantaneously in + rich, or a -rich, domain is just -, . By virtue of the differing compositions in the two types of domains, the eth order spin probability functions P("& for regions characterized by these domain compositions will not be the same, and might, respectively, be denoted by" P.p... "'"+'(12 ts, X) and P.p... P. p"«& (1234,) ) = P. pi»(12, ) )+P., are far removed from one another, but below T, one finds in this limit:
(for simplicity the temperature argument of x has been suppressed).
If the complete expression (42), rather than Eq. (27), it utilized for p«&'s in fundamental Eq. (26), the formally exact version of approximate Eq. (28) is ay(231) ) = -w (12)P (13,X) -w (13)P (12,)&. ) +F(X)P(231K) -P w(1 j)y(123 j, 'n). (44) "Qriginally, as in Eq. (4), the E(")'s were written with the relevant p's as arguments. Now, however, for the sake of notational clarity and conceptual completeness, we utilize the p ..."&")(r1~r",X) scheme, Eq. (5) In the notation of Sec. V, the fact which prevents exact deduction of pair correlation functions is lack of complete knowledge about y(1234,X). We now present an interpolation scheme for y from which an approximation to this function may be deduced above T,. If this approximation is used in Eq. (44), it should permit more accurate calculation of P than is possible by the less exacting approach of Sec. IV. Note that Q reduces to unity:
(a) if X=O, for in this limit, Eq. (7) (36) is lowered from the finite value exhibited in Table I 
